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The Hermite-Birkhoff problem of interpolation has attracted wide attention 
of late and a number of papers have been devoted to it. For a survey of the 
literature we refer to [4, 81. Let E = (eij) be a three row incidence matrix with 
eij = 0 or 1 and 
where it is a given positive integer. We shall suppose that E satisfies strong 
Polya condition (SPC) ([7, 81). Let p, Q, T be positive integers withp + q + r = 
12 + 1 and let the number of non-zero entries in the first, second and third 
rows of E be p, q, Y respectively. Let iI < i, < ... < i, ; j, < ja < *a. < j, and 
h, <Kg < ... < K, denote the positions of the l’s in the first, second and third 
rows respectively. Suppose further that Zr < 1, < ... < I,,,. denote the positions 
of the O’s in the second row. Without loss of generality we suppose the three 
nodes of interpolation to be 01, 0 and 1 with 01 < 0. We shall denote by DE(a) 
the determinant of the homogeneous interpolation problem corresponding to 
the incidence matrix E with the nodes (II, 0 and 1. We shall say that E is strongly 
non-poised if I&((Y) changes sign in (- 03, 0). 
We shall prove the following 
THEOREM. If Zl > max(i, - p, k, - Y) and if 
i (Zr+nI -z,)+pr=l (mod 2) (1.) 
then E is strongly non-poised. 
Condition (1) is equivalent to 
-z,)+pr-l (mod 21, (1’) 
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f: (k+7n - &n) - i (b+m - &J = 0. 
WZ=l m=l 
Remark 1. An interesting special case of this theorem occurs when p 1.: I, 
ii = 0 and k, = Y - 1. This means that the first row has only one non-zero 
entry which is in the 0 column and that the third row has a Hermite sequence of 
length r. Then Zr is obviously greater than max(i, - p, k, - r) := -I, and 
condition (1) becomes 
1 ?+i - lr + Y = l(mod 2). 
Because of SPC, the last column has zero entries only and so Z,+r = n. Thus the 
above condition reduces to the requirement that n + I - Zr - Y - I is odd 
which means that the number of odd supported sequence is odd. (For a precise 
definition of odd supported sequence see [5].) This shows that our theorem 
contains as a special case Theorem 1 of Passow [6]. 
Remark 2. More generally if the first and third rows are Hermite sequences, 
. . 
i.e., z9 =p-1, kT=r-1, then Z1>max(iP-p,k,-r). In thiscase the 
corresponding H-B problem is strongly non-poised if Cz=, (I,,, - Z,) + p’ 
is an odd number. 
The proof of the theorem depends on the following 
LEMMA . LetOem,<m,<...<m,,andO~n,<n,<...<n,betwo 
sets of positive integers satisfying 
ml - n, + s > 0. (21 
If A denotes the s x s matrix with entries (T), i, j = 1, 2 ,..., s, then Det A > 0. 
The proof of this lemma is an immediate consequence of Lemma 2.2’ (Karlin 
[2, p. 1071) where it is shown with a suitable change of notation that under the 
condition (2), 
(m, i n,)! “’ 
1 
(ml - nl)! 
(-l)sb-1)/Z . . . . . . . . . . . . . . . . . , . . . . . . . . . . . . . . . . . . > 0. 
(m, -! nJ! *** (m, 1 n,)! 
Proof of Theorem. Since by hypothesis the polynomial P(x) for the homo- 
geneous interpolatory problem satisfies P(jv)(O) = 0, Y = l,..., q, it follows 
that P(x) has the representation 
p(x) = y  a, (“l-) x2,. 
V==l Y 
(3) 
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Then 
- i, (p) &-~1 
21 
. . . (;L; 1 i:, &+,-$1 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
where K is a non-zero constant depending only only 1, , k, , iv but independent 
of 01. Interchanging rows and columns and rewriting the binomials 6) as (,/J, 
we have 
&(a) = K’ 
t 
1 ‘9 . . . 
1 
DIyTl:,,i &+r-G (;L; 1 k) &-i, 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
( 
1 . 8W - 11 
1 1 
,/JPCd . . . 
oi-r - LT 
(;;:: 1 t) &il 
( 
1 PfT - k, 
1 9+r - L 1 ... (::-“I:, 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
( 
1 BiT - kl 
1 s+r - Lfl. 1 ... (;I; 5 “I:, 
where K’ is a suitable non-zero constant. In order to prove the theorem, it is 
enough to show that DE(~) has opposite signs in the left neighbourhood of 0 
and for sufficiently large negative CL More precisely sgn &( - co) depends on the 
coefficient of the highest power of 01 and sgn DE(O-) depends on the coefficient 
of the lowest power of 01 in &(a). Hence we have 
sgn DE( - a) = sgn K’ . (- l)c:=l(z,.+~-i,) sgn AB (4) 
A= 
c 1 1 pyp-l;y ..*(1~11;~) 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . , 
( 
1 
1 D+rLylJ 9+r ..* (ljr,-ly,) 
( 1 1 
B= . . . . . . . . . . . . . . . ..*.................. 
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Similarly 
D= 
Under the assumptions of the theorem, the lemma can be applied to each of the 
determinants A, B, C, D which are therefore strictly positive. The theorem 
then follows from (I), (4) and (5). 
Remark 3. The methods of coalescence of rows due to Karlin and Karon [3] 
and Lorentz [5] can be used to obtain other non-poised matrices with more than 
3 rows on using the above theorem. This has been indicated in a special case by 
Passow [6] and has been used earlier in [l]. 
Remark 4. It is interesting to observe that condition (1) is formulated in 
terms of the location of zero entries in the middle row and in any particular 
case is easily calculable. 
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